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Abstract We obtain the deflection angle for a boosted
Kerr black hole in the weak field approximation. We
also study the behavior of light in the presence of plasma
by considering different distributions: singular isother-
mal sphere, non-singular isothermal gas sphere, and
plasma in a galaxy cluster. We find that the dragging
of the inertial system along with the boosted parameter
Λ affect the value of the deflection angle. As an appli-
cation, we studied the magnification for both uniform
and SIS distributions.
Keywords boosted Kerr metric, gravitational lensing,
inhomogeneous plasma distributions
1 Introduction
The revolutionary detection of gravitational waves from
the coalescence of two black holes showed the formation
of rapidly rotating black hole boosted with linear veloc-
ity [1,2,3]. The possible observation of the electromag-
netic counterpart from black hole merger could provide
more information about angular and linear momentum
of the black hole in such systems [4,5]. This fact indi-
cates the importance of the inclusion of the boost pa-
rameter to Kerr spacetimes in order to study the effects
of the boost velocity to the geometry (gravitational
field) around a black hole. The solution of Einstein’s
vacuum field equations describing a boosted Kerr black
hole relative to an asymptotic Lorentz frame at future
null infinity was obtained in [6]. The electromagnetic
structure around a boosted black hole has been studied
in [4]. The author of Ref. [5] has considered the solu-
tion of Maxwell equations in the background geometry
of a boosted black hole. In the present paper, we study
ae-mail: bambi@fudan.edu.cn
weak gravitational lensing around a boosted black hole
described by the solution in [6].
The gravitational lensing effect is a good tool to
test Einstein’s theory of general relativity. For a review
on light propagation in the curved spacetime and geo-
metrical optics in general relativity, see e.g. [7,8,9,10].
The photon motion is also affected by the presence of a
plasma and the effect of plasma around a compact ob-
jects on lensing effects has been studied in [11,12,13,14,
15,16,17,18,19,20,21,22,23,24,25,26,27,28,29,30,31]. In
the literature, we can find a lot of work devoted to an-
other optical property of black holes, the so-called black
hole shadow [32,33,34,35,36,37,36,38,39,40,41,42,43,
44,45,46,47,48,49,50,51,52,53,54,55,56,57,58,59,60,61,
62,63,64].
Starting from [65,66,67,68,69], there is a rich litera-
ture on weak gravitational lensing. Strong gravitational
lensing around spherically symmetric compact objects
is described in [70,71].
In the present paper, we study weak lensing around
a boosted black hole in the presence of plasma. The
paper is organized as follow. In Section 2, we briefly
review the optics in curved spacetime and describe the
procedure to obtain the deflection angle in the weak
field approximation following [22,25]. In Section 3, we
present the boosted Kerr metric in both diagonal and
non-diagonal cases (non-rotating and slowly rotating
cases, respectively). In Subsections 4.1 and 4.2, we find
the expression for the deflection angle. Then, in sec-
tion 5, we study the deflection angle in the presence
of plasma, both for uniform and non-uniform distribu-
tions. For the inhomogeneous case, we consider three
distribution models: singular isothermal sphere (SIS),
non-singular isothermal sphere (NSIS), and the case
of a plasma in a galaxy cluster (PGC). Finally, as an
application, we devote section 6 to study the magnifi-
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2cation for the uniform and SIS plasma distributions.
Throughout the paper we use the convention in which
Greek indices run from 0 to 3, while Latin indices run
from 1 to 3. Moreover, with the exception of Section 2,
we use geometrized units, where c = G = 1.
2 Optics in a curved space-time
In this section, we review the optics in a curved space-
time developed by Synge in 1960 [7]. Let us consider a
static spacetime metric describing a weak gravitational
field in an asymptotically flat spacetime. The metric
coefficients can be written as [22,25,72]
gαβ = ηαβ + hαβ , (1)
gαβ = ηαβ − hαβ , (2)
where ηαβ is the metric of the Minkowski spacetime,
hαβ  1, hαβ → 0 for xα →∞, and hαβ = hαβ .
Using this approach for the static case, the phase
velocity1 u and the 4−vector of the photon momentum
pα are related by the following equation [7]
c2
u2
= n2 = 1 +
pαp
α
(p0
√−g00)2 . (4)
In order to obtain the photon trajectories in the
presence of a gravitational field, one can modify the
Fermat’s least action principle for the light propaga-
tion by considering a dispersive medium [7]. Then, us-
ing the Hamiltonian formalism, it is easy to show that
the variational principle
δ
(∫
pαdx
α
)
= 0 , (5)
with the condition
W (xα, pα) =
1
2
[
gαβpαpβ − (n2 − 1)
(
p0
√
−g00
)2]
= 0,
leads to the following system of differential equations
that describes the trajectories of photons
dxα
dλ
=
∂W
∂pα
,
dpα
dλ
= −∂W
∂xα
, (6)
1The phase velocity is defined as the minimum value of [7]
u′2 = 1 +
dxαdxα
(Vβdxβ)2
, (3)
where u′ is the velocity of a fictitious particle riding on the
wave front relative to a time-like world-line C (intersecting
the wave) of an observer with 4-velocity V µ (see [7] for de-
tails).
with the affine parameter λ changing along the light
trajectory. Note that the scalar function W (xα, pα) has
been defined by means of Eq. (4).
In the Refs. [22,25], it has been considered a static
inhomogeneous plasma with a refraction index n which
depends on the space location xi
n2 = 1− ω
2
e
[ω(xi)]2
, (7)
ω2e =
4pie2N(xi)
m
= KeN(x
i) , (8)
where ω(xi) is the frequency of the photon that, due
to gravitational redshift, depends on the space coor-
dinates x1, x2, x3, e is the electron charge, m is the
electron mass, ωe is the electron plasma frequency, and
N(xi) is the electron concentration in an inhomoge-
neous plasma [22].
According to Synge [7], for the case of a static medium
in a static gravitational field, one can express the pho-
ton energy as
p0
√
−g00 = −1
c
~ω(xi). (9)
Using Eq. (7) one can express the scalar functionW (xα, pα)
in the following form
W (xα, pα) =
1
2
[
gαβpαpβ +
ω2e~2
c2
]
, (10)
where ~ is the Planck’s constant. The scalar function
expressed in Eq. (10) has been used in Refs. [22,25] to
find the equations of light propagation for diagonal and
non-diagonal spacetimes.
In contrast with the case of a flat spacetime in vac-
uum, where the solution for photon’s trajectory is a
straight line, the presence of an arbitrary medium in
curved spacetimes makes photons move along bent tra-
jectories. However, taking into account only small de-
viations, it is possible to use the components of the
4-momentum of the photon moving in a straight line
along the z−axis as an approximation. This compo-
nents are given by (see, e.g. [22,25])
pα =
(
~ω
c
, 0, 0,
n~ω
c
)
, (11)
pα =
(
−~ω
c
, 0, 0,
n~ω
c
)
. (12)
Eqs. (11) and (12) are known as the null approximation.
It is important to point out that both ω and n are
evaluated at ∞. In this sense, we have introduced the
notation in which
ω = ω(∞)
n = n(∞). (13)
3This notation has been also used in [22,25], and will be
used along the manuscript.
2.1 Equations of light propagation in a diagonal
spacetime
First, we consider the spacetime with a diagonal metric
tensor. In this spacetime, the components of the metric
tensor gαβ vanish for α 6= β. Hence, after using Eq. (10),
the system in (6) can be expressed as [22]
dxi
dλ
= gijpj ,
dpi
dλ
= −1
2
glm,iplpm −
1
2
g00 ,ip
2
0 −
1
2
~2
c2
KeN,i.
(14)
Then, with the aid of the null approximation, the
first equation in (14) reduces to
dz
dλ
=
n~ω
c
. (15)
In the null approximation, the 3−vector in the direc-
tion of the photon momentum is written as ei = ei =
(0, 0, 1). Therefore pi can be expressed as
pi =
n~ω
c
(0, 0, 1) =
n~ω
c
ei. (16)
Hence, the second equation in (14) can be expressed by
d
dλ
(
n~ω
c
ei
)
= −1
2
glm,iplpm
−1
2
g00 ,ip
2
0 −
1
2
~2
c2
KeN,i. (17)
Then, after using Eq. (15) and differentiating, the last
expression takes the form
dei
dz
= −1
2
c2
n~2ω2
(
g00 ,i(p0)
2 + glm,iplpm +
~2
c2
KeN,i
)
−ei dn
dz
. (18)
In Ref.[22], only those components of the 3−vector that
are perpendicular to the initial direction of propagation
were taken into account. In this sense, the contribution
to the deflection of photons is due only to the change
in e1 and e2. Hence, after using the null approximation
ei = 0 along with the assumption of weak gravitational
field, Eq. (18) reduces to
dei
dz
=
1
2
(
h33,i +
1
n2
h00,i − 1
n2ω2
KeN,i
)
, (19)
for i = 1, 2.
The deflection angle is determined by the change of
the 3−vector ei. This means that
αˆ = e(+∞)− e(−∞). (20)
Then, using Eq. (19), the deflection angle becomes
αˆi =
1
2
∫ ∞
−∞
(
h33,i +
ω2
ω2 − ω2e
h00,i − Ke
ω2 − ω2e
N,i
)
dz,
(21)
for i = 1, 2. In the last expression ωe and n are eval-
uated at infinity, and ω(∞) = ω [22]. In terms of the
impact parameter b, Eq. (21) takes the form [22]
αˆb =
1
2
∫ ∞
−∞
b
r(
dh33
dr
+
1
1− ω2e/ω2
dh00
dr
− Ke
ω2 − ω2e
dN
dr
)
, (22)
where r =
√
b2 + z2.
2.2 Equations of light propagation in a non-diagonal
spacetime
Now we consider a spacetime with a non-diagonal met-
ric tensor; that is, the components of metric tensor gαβ
do not vanish for α 6= β. Therefore, the scalar function
W (xα, pα) in Eq. (10) can be expressed as [25]
W ( xα, pα) =
1
2
[
g00p20 + 2g
0lp0pl + g
lmplpm +
ω2e~2
c2
]
. (23)
Hence, the system of differential equations in (6) takes
the form
dxi
dλ
= gijpj (24)
dpi
dλ
= −1
2
glm,iplpm −
1
2
g00 ,ip
2
0 − g0l ,ip0pl
−1
2
~2
c2
KeN,i. (25)
Then, using Eq. (15) and assuming that the gravita-
tional field is weak, we obtain
dpi
dz
=
1
2
n~ω
c
×
(
h33,i +
1
n2
h00,i +
1
n
h03,i − KeN,i
n2ω2
)
. (26)
Therefore, following the procedure in Subsection 2.1,
the deflection angle for a non-diagonal spacetime in the
weak limit has the form
αˆi =
1
2
∫ ∞
−∞
(
h33,i +
ω2
ω2 − ω2e
h00,i +
1
n
h03,i
− KeN,i
ω2 − ω2e
)
dz . (27)
43 Boosted Kerr metric
The boosted Kerr metric, which describes a boosted
black hole relative to an asymptotic Lorentz frame, is a
solution of Einstein’s vacuum field equations obtained
in [6]. This solution has three parameters: mass, ro-
tation and boost. In Kerr-Schild coordinates, the line
element reads
ds2 = −
(
1− 2Mr
Σ
)
dt′2 +
(
1 +
2Mr
Σ
)
dr2 +
Σ
Λ
dθ2
+
A sin2(θ)
Λ2Σ
dφ2 − 4Mra sin
2 θ
ΛΣ
dt′dφ
−4Mr
Σ
dt′dr − 2a sin
2 θ
Λ
(
1− 2Mr
Σ
)
drdφ , (28)
with
Σ = r2 + a2
(
β + α cos θ
α+ β cos θ
)2
, (29)
Λ = (α+ β cos θ)2 , (30)
A = Σ2 + a2 (Σ + 2Mr) sin2 θ , (31)
where a = J/M is the specific angular momentum of
the compact object with total mass M , α = cosh γ, β =
sinh γ, and γ is the usual Lorentz factor which defines
the boost velocity v by the formula v = tanh γ = β/α.
Note that the metric in (28) exactly reduces to the Kerr
one when Λ = 1 (v = 0). It is also important to point
out that the direction of the boost for the Kerr black
hole is along the axis of rotation while for Schwarzschild
is along the z−axis.
To study the deflection angle for the boosted Kerr
metric in the presence of a medium, we consider both
the non-rotating and the slowly rotating cases. In this
sense, following the ideas in [22] and [25], we devote this
section to find the form of the line element (28) in each
case.
3.1 Boosted Kerr metric: non-rotating case
The non-rotating case is obtained by setting a = 0.
Hence, the metric (28) reduces to
ds2 = −
(
1− 2M
r
)
dt′2 +
(
1 +
2M
r
)
dr2
+
r2
Λ
dθ2 +
sin2 θ
Λ2
r2dφ2 − 4M
r
dt′dr . (32)
In Ref. [22], Cartesian coordinates have been used
to find the terms hik. Nevertheless, before changing the
coordinates, we want to write the form of the metric
in Eq. (32) for small values of the velocity (v  1).
In order to do so, we express 1/Λ and 1/Λ2 in terms
of v and consider a Taylor expansion up to first order.
Therefore, the metric (32) takes the form
ds2 = −
(
1− 2M
r
)
dt′2 +
(
1 +
2M
r
)
dr2
+r2(1− 2v cos θ)dθ2 + r2 sin2 θdφ2
−4vr2 sin2 θ cos θdφ2 − 4M
r
dt′dr. (33)
Now, to transform the line element (33) into Boyer-
Lindquist coordinates, we use the relation (see [73],
page 15)
t′ = t− 2M ln
( r
2M
− 1
)
; (34)
from which one can easily obtain
ds2 = −
(
1− 2M
r
)
dt2 +
(
1− 2M
r
)−1
dr2
r2
[
(1− 2v cos θ)dθ2 + (1− 4v cos θ) sin2 θdφ2] .
(35)
In the weak field limit, the approximation is done by
considering 2M/r  1. In this sense, according to [22],
the main idea is to express the line element in Eq. (35)
as
ds2 = ds20 + ds
′2 (36)
where
ds20 = −dt2 + dr2 + r2(dθ2 + sin2 θdφ2), (37)
is the flat space-time, and ds′2 is the part of the met-
ric containing the perturbation terms hik. Therefore,
after considering the weak approximation, the line ele-
ment (35) has the form
ds2 = ds20 +
2M
r
dt2 +
2M
r
dr2
−2vr2 cos θdθ2 − 4vr2 cos θ sin2 θdφ2. (38)
Eq. (35) is the non-rotating boosted Kerr metric in the
weak field approximation expressed in Boyer-Lindquist
coordinates. In order to identify the components hik, we
need to express the line element in Eq. (38) in Cartesian
coordinates. After following the procedure described in
Appendix I, we found that h00 and h33 are
h00 =
2M
r
(39)
h33 =
2M
r
cos2 θ − 2v cos θ sin2 θ, (40)
53.2 Boosted Kerr metric: rotating case
The spacetime describing a slowly rotating massive ob-
ject was obtained in [74]. However, in this work, we
use the form of the metric reported in [25]. Using ge-
ometrized units, this metric takes the form
ds2 = −
(
1− 2M
r
)
dt2 +
(
1− 2M
r
)−1
dr2
+r2(dθ2 + sin2 θdφ2)− 2ωLT r2 sin2 θdtdφ , (41)
where ωLT = 2Ma/r
3 = 2J/r3 is the Lense-Thirring
angular velocity of the dragging of inertial frames.
For the case of the boosted Kerr metric, the line
element has the same form. Introducing the notation
ωLT = 2J/r
3, where J = J/Λ, one may obtain the
“modified” metric of slowly rotating boosted velocity.
Finally, the spacetime around boosted slowly rotating
objects can be expressed by the following metric
ds2 = −
(
1− 2M
r
)
dt2 +
(
1− 2M
r
)−1
dr2
+r2(dθ2 + sin2 θdφ2)− 2ωLT r2 sin2 θdtdφ. (42)
When v = 0, the expression in (42) reduces to that
in [25].
4 Deflection angle in uniform plasma
4.1 Deflection of light for the non-rotating case
In Subsection 2.1, we discussed the procedure in [22]
to obtain Eq. (22). Now, we apply this result to find
the deflection angle for the boosted Kerr metric in the
presence of a uniform plasma. We first consider the non-
rotating case. From Eqs. (39) and (40) we have that
b
r
dh00
dr
= −2Mb
r3
= − 2Mb√
b2 + z2
3
2
, (43)
b
r
dh33
dr
= −6Mb
r5
z2 +
2bv
r3
z − 6vb
r5
z3
= − 6Mb
(b2 + z2)
5
2
z2 +
2bv
(b2 + z2)
3
2
z
− 6vb
(b2 + z2)
5
2
z3 . (44)
Then, recalling that cos θ = z/r, r =
√
b2 + z2, and
using Eq. (22), the deflection angle is
αˆb = −3Mb
∫ ∞
−∞
z2
(b2 + z2)
5
2
dz
+bv
∫ ∞
−∞
z
(b2 + z2)
3
2
dz
−3bv
∫ ∞
−∞
z3
(b2 + z2)
5
2
dz
−Mb
∫ ∞
−∞
ω2
(ω2 − ω2e)(b2 + z2) 32
dz
−bKe
2
∫ ∞
−∞
1
ω2 − ω2e
1
r
dN
dr
dz . (45)
Thus, after integration, we obtain
αˆb =
2M
b
+
2Mb
1− ω2eω2
∫ ∞
0
dz
(b2 + z2)
3
2
+
bKe
2
∫ ∞
−∞
1
ω2 − ω2e
1
r
dN
dr
dz. (46)
In the last expression, we took into account the symme-
try of the limits (see appendix II for details). We also
considered the fact that the deflection angle is defined
as the difference between the initial and the final ray
directions; that is, αˆ = ein− eout. Therefore, it has the
opposite sign (see [8]).
From Eq. (46) we note that, at first order, αˆb does
not depend on the velocity. This is due to the fact
that the second and third integrals in Eq. (45), which
contain the dependence on v, vanish. If we consider a
uniform plasma (ωe constant), and the approximation
1− n ωeω , Eq. (46) reduces to [22]
αˆb =
2M
b
(
1 +
1
1− ω2eω2
)
. (47)
In Fig. 1 left we plotted αˆb as a function of ω
2
e/ω
2
for different values of b/2M . The plot shows that αˆb
increases as the ration ω2e/ω
2 increases. On the other
hand, for small values of b/2M the values of the deflec-
tion angle are greater. For example, for b/2M = 100
the figure shows that αˆb is greater than 0.2; however,
for b/2M = 50, 100 the deflection angle is less than 0.1.
It is also possible to see from the figure that αˆb has the
value 4M/b when there is not plasma (ωe = 0).
4.2 Deflection angle for the slowly rotating case
Due to the presence of non-diagonal terms in the line
element (42), we use the form of the deflection angle
6Fig. 1: left: Plot of αˆb vs. ω
2
e/ω
2 for b/2M = 10 (continuous line), b/2M = 50 (dashed line), and b/2M = 100
(dot-dashed line) for uniform plasma. right: Plot of αˆb vs. ω
2
e/ω
2 for the rotating case. We used different values
of the impact parameter: b/2M = 10 (continuous line), b/2M = 50 (dashed line), and b/2M = 100 (dot-dashed
line). We assumed Λ = 0.5, Jr/M
2 = 0.25, sinχ = 1, and ω2e/ω
2 = 0.5. Note that there is a small increment for
b/2M = 10 when we compare with Schwarzschild (left panel).
in Eq. (27). According to [25], the effect of dragging
of the inertial frame contributes to αˆ only by means
of the projection Jr of the angular momentum. Hence,
after the introduction of polar coordinates (b, χ) on the
intersection point between the light ray and the xy-
plane, where χ is the angle between Jr and b , we find
that [25] (see Fig. 2)
h03 = −2 Jrb sinχ
(b2 + z2)3/2
. (48)
Since Eq. (48) depends on χ and b, the deflection angle
contains two contributions: the partial derivatives
∂h03
∂b
= −2Jr sinχ
(
1
(b2 + z2)3/2
− 3b
2
(b2 + z2)5/2
)
,(49)
∂h03
∂χ
= −2 Jrb cosχ
(b2 + z2)3/2
. (50)
Thus, Eq. (27), for both contributions, takes the form
αˆb = αˆbS − 2Jr sinχ
×
∫ ∞
0
(
1
n(b2 + z2)3/2
− 3b
2
n(b2 + z2)
5
2
)
dz (51)
αˆχ = −2Jr cosχ
∫ ∞
0
1
n(b2 + z2)3/2
dz, (52)
where αˆbS is the deflection angle for Schwarzschild (see
Eq. (46)). Therefore, considering an homogeneous plasma
x
z
y
BH
v
b
Jr
observer
source
image
Ds
Dls
Dl
Fig. 2: Schematic representation of the gravitational
lensing system. Here, χ represents the inclination an-
gle between the vectors Jr and b. In the figure Ds,
Dl, and Dls are the distances from the source to the
observer, from the lens to the observer, and from the
source to the lens, respectively.
7(constant value of ωe), these contributions reduce to
αˆb =
2M
b
(
1 +
1
1− ω2eω2
)
︸ ︷︷ ︸
αˆbS
+
1√
1− ω2eω2
2Jr sinχ
b2Λ︸ ︷︷ ︸
αˆbD
(53)
αˆχ = − 2Jr cosχ
b2Λ
√
1− ω2eω2
; (54)
where n was replaced by
√
1− ω2eω2 . It is important to
point out that Eq. (53) is only valid for ω > ωe, because
waves with ω < ωe do not propagate in the plasma [22,
75].
Fig. 3: Plot of αˆb vs. b/2M in the presence of uni-
form plasma for the slowly rotating (dot-dashed line)
and αˆbS (dashed line). In the figure it is also plotted
the Schwarzschild case in vacuum (continuous line).
We used Λ = 0.5, Jr/M
2 = 0.25, sinχ = 1, and
ω2e/ω
2 = 0.5.
In Fig. 3, we plot αˆbS and αˆb for the slowly rotat-
ing case as a function of the impact parameter b/2M .
From this figure, we can see that there is a difference
between both angles. This means that αˆb for a boosted
Kerr black hole is greater than αˆbS . This is due to the
rotation and boost velocity v, which is larger for small
values of b/2M . On the other hand, for larger values
of the impact parameter b/2M , this difference becomes
very small, and both angles behave in the same way
since 2Jr sinχ/(nb
2Λ)→ 0 when b/2M →∞.
Fig. 1 right shows αˆb as a function of ω
2
e/ω
2. The
behavior is very similar to that of Schwarzschild (Fig. 1
Fig. 4: Plot of αˆb vs. Λ for Jr/M
2 = 0.1 (continuous
line), Jr/M
2 = 0.2 (dot-dashed line) , and Jr/M
2 = 0.3
(dashed line). We assumed b/2M = 10, sinχ = 1, and
ω2e/ω
2 = 0.5.
left). However, note that there is a small increment for
b/2M = 10. On the other hand, we see that the deflec-
tion angle tends to 2M/b+ 2Jr sinχ/(b
2Λ) when there
is not plasma (ω2e = 0).
In Fig. 4 we plotted Eq. (53) as a function of Λ for
different values of Jr. We took into account the condi-
tion in which 0 < Λ ≤ 1 in order to give the values. In
this figure, for different values of Λ, we see that αˆb is
bigger when Λ→ 0. Moreover, for Λ = 1, the deflection
angle reduces to the value αˆbS + 2Jr sinχ/nb
2.
5 Models for the boosted Kerr metric with
non-uniform plasma distribution
The deflection angle for a boosted Kerr metric in a
non-uniform plasma was calculated in Subsection 4.2.
8Hence, for ω2e/ω
2  1, Eq. (51) reduces to
αˆb =
4M
b︸︷︷︸
αˆS1
+
2Mb
ω2
∫ ∞
0
ω2e
r3
dz︸ ︷︷ ︸
αˆS2
+
bKe
ω2
∫ ∞
0
1
r
dN
dr
dz︸ ︷︷ ︸
αˆS3
+
bKe
ω4
∫ ∞
0
ω2e
r
dN
dr
dz︸ ︷︷ ︸
αˆS4
+
2Jr
Λb2
sinχ︸ ︷︷ ︸
αˆB1
− Jr
Λω2
sinχ
∫ ∞
0
ω2e
r3
dz︸ ︷︷ ︸
αˆB2
+
3b2Jr
Λω2
sinχ
∫ ∞
0
ω2e
r5
dz︸ ︷︷ ︸
αˆB3
, (55)
where r =
√
b2 + z2, and S andB stand for Schwarzschild
and Boosted, respectively. Using Eq. (55), we calcu-
late the deflection angle by considering different plasma
distributions: singular isothermal sphere (SIS), non-
singular isothermal gas sphere (NSIS), and a plasma
in a galaxy cluster (PGC).
Eq. (55) is quite similar to that obtained in [22].
In this equation, we also find the vacuum gravitational
deflection αˆS1, the correction to the gravitational de-
flection due to the presence of the plasma αˆS2, the
refraction deflection due to the inhomogeneity of the
plasma αˆS3, and its small correction αˆS4. Nevertheless,
when the boosted Kerr metric is considered, three more
terms appear: αˆB1, αˆB2, and αˆB3. These are contribu-
tions due to the dragging of the inertial frame. The for-
mer is a constant that appears in all models considered,
while the others two depend on the plasma distribution.
From now on, let us suppose that the vectors Jr and
b are perpendicular to each other (cosχ = 0). There-
fore, the contribution αˆχ vanishes (see Eq. (54)) and
sinχ = 1. Furthermore, since αˆS4 is small, we neglect
its contribution (see [22]).
5.1 Singular isothermal sphere
In this subsection, we consider the model for a singular
isothermal sphere proposed in [76,77]. In this model,
often used in lens modelling of galaxies and clusters,
the density distribution has the form
ρ(r) =
σ2v
2pir2
, (56)
where σ2v is a one-dimensional velocity dispersion. The
concentration of the plasma has the form
N(r) =
ρ(r)
κmp
, (57)
where mp is the proton mass and κ is a non-dimensional
coefficient which is related to the dark matter contribu-
tion [22]. Using Eqs. (7) and (56) the plasma frequency
is
ω2e = KeN(r) =
Keσ
2
v
2piκmpr2
. (58)
Then, from Eqs. (55) and (58), and the well known
property of the Γ -function [78] (see Appendix II), the
contributions to the deflection angle can be found in
the form
αˆS2 =
1
12pi
ω2c
ω2b
3 , αˆS3 = − 116 ω
2
c
ω2b
2
αˆB2 = − 148pi J˜rω
2
c
Λω2b
4 , αˆB3 =
1
20pi
J˜rω
2
c
Λω2b
4 .
(59)
Where ω2c =
Keσ
2
v
M2κmp
, J˜r = Jr/M
2, and b = b/2M .
Hence deflection angle takes the form
αˆSIS =
2
b
+
1
12pi
ω2c
ω2b
3 −
1
16
ω2c
ω2b
2 +
1
2
J˜r
Λb
2
− 1
48pi
J˜rω
2
c
Λω2b
4 +
1
20pi
J˜rω
2
c
Λω2b
4 (60)
Fig. 5: Plot of αˆSIS vs. b/2M for Λ = 1 (continuous
line), Λ = 0.2 (dashed line), and Λ = 0.1 (dot-dashed
line). We used Jr/M
2 = 0.25, sinχ = 1, and ω2c/ω
2 =
0.5.
In Fig. 5, we plot αˆSIS as a function of b for differ-
ent values of Λ. The figure does not show any difference
for values of b/2M greater than 10. However, for val-
ues of b/2M near to 10, we see a small difference. This
9means that αˆSIS is greater when Λ is small. For Λ = 1
(v = 0), we have the case of a slowly rotating massive
object. Therefore, the parameter Λ has a small effect on
the deflection angle. This tendency can be seen clearly
in Fig. 6, where we plotted the behavior of the deflec-
tion angle as a function of Λ for different values of J˜r.
Note that the boosted parameter is constrained to be
in the interval 0 < Λ ≤ 1.
Fig. 6: Plot of αˆSIS vs. Λ for J˜r = 0.1 (continuous line),
J˜r = 0.2 (dashed line), and J˜ = 0.3 (dot-dashed line).
We used, b = 10, sinχ = 1, and ω2c/ω
2 = 0.5.
In Fig. 7, on the other hand, we plot αˆSIS as a
function of J˜r for different values of Λ. From this figure
we conclude that, not only the dragging of the inertial
system, but also the boosted parameter Λ contribute to
the deflection angle: the greater the values of J˜r (plus
small values of Λ) the greater the value of the deflection
angle αˆSIS .
5.2 Non-singular isothermal gas sphere
Now we consider a gravitational lens model for an isother-
mal sphere. For this model, the singularity at the origin
is replaced by a finite core and the density distribution
is given in [79]
ρ(r) =
σ2v
2pi(r2 + r2c )
=
ρ0(
1 + r
2
r2c
) , ρ0 = σ2v
2pir2c
, (61)
where rc is the core radius.
Fig. 7: Plot of αˆSIS vs. J˜r for Λ = 1 (continuous line),
Λ = 0.25 (dashed line), and Λ = 0.1 (dot-dashed line).
We used, b = 10, sinχ = 1, and ω2c/ω
2 = 0.5.
Therefore, after substitution of Eq. (61) in Eqs. (57)
and (58), the plasma frequency is expressed as
ω2e =
Keσ
2
v
2piκmp(r2 + r2c )
. (62)
Then, from Eqs. (55) and (58), the contributions to the
deflection angle are (see Appendix II)
αˆS2 =
2bω2c
piω2
[
1
4b
2
r2c
−
arctanh
(
rc√
4b
2
+r2c
)
r3c
√
r2c + 4b
2
]
, (63)
αˆS3 = −1
2
bω2c
(4b
2
+ r2c)
3
2ω2
, (64)
αˆB2 = − J˜rω
2
c
2piΛω2
 14b2r2c −
arctanh
(
rc√
4b
2
+r2c
)
r3c
√
r2c + 4b
2
 , (65)
αˆB3 =
6
pi
b
2
J˜rω
2
c
Λω2
2r
2
c − 12b
2
48b
4
r4c
+
arctanh
(
rc√
4b
2
+r2c
)
r5c
√
r2c + 4b
2
 ,
(66)
where ω2c =
Keσ
2
v
M2κmp
, rc = rc/M , J˜r = Jr/M
2, and
b = b/2M .
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Fig. 8: Plot of αˆNSIS vs. b for Λ = 1 (continuous line),
Λ = 0.25 (dashed line), and Λ = 0.1 (dot-dashed line).
We used, J˜r = 0.25, rc = 10, sinχ = 1, and ω
2
c/ω
2 =
0.5.
In Fig. 8 we plot αˆNSIS as a function of b for differ-
ent values of Λ. In the plot, we have b rc because we
are in the weak field limit. According to the figure, the
behavior is quite similar to that of the deflection an-
gle in the case of a singular plasma distribution: there
are small differences in αˆNSIS when small values of Λ
are considered, and no there is no difference in the de-
flection angle when the impact parameter b takes values
greater than 10. Fig. 9 helps to see this behavior clearly.
In Fig. 10 we plot the deflection angle as a function
of J˜r for different values of Λ. Once again, the drag-
ging of the inertial system along with small values of
the boosted parameter Λ play an important role when
compared with the slowly rotating case [25].
5.3 Plasma in a galaxy cluster
In a galaxy cluster, due to the large temperature of
the electrons, the distribution of electrons may be ho-
mogeneous. Therefore, it is proper to suppose a singu-
lar isothermal sphere as a model for the distribution of
the gravitating matter. Using this approximation, and
without considering the mass of the plasma, Bisnovatyi-
Kogan and O. Yu. Tsupko solved the equation of hy-
drostatic equilibrium of a plasma in a gravitational field
finding that the plasma density distribution has the
Fig. 9: Plot of αˆNSIS vs. Λ for J˜r = 0.1 (continu-
ous line), J˜r = 0.2 (dashed line), and J˜ = 0.3 (dot-
dashed line). We used, b = 100, rc = 10, sinχ = 1,
and ω2c/ω
2 = 0.5. Note the scale used for the deflection
angle: each value is multiplied by 1e− 5 = 1× 10−5
Fig. 10: Plot of αˆNSIS vs. J˜r for Λ = 1 (continuous
line), Λ = 0.25 (dashed line), and Λ = 0.1 (dot-dashed
line). We used, b = 100, rc = 10, sinχ = 1, and
ω2c/ω
2 = 0.5. Note the scale used for the deflection
angle: each value is multiplied by 1e − 2 = 1 × 10−2
form [22].
ρ(r) = ρ0
(
r
r0
)−s
, s =
2σ2v
RT
, (67)
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and the plasma frequency is equal to
ω2e =
ρ0Ke
κmp
(
r
r0
)−s
. (68)
Hence, using Eqs. (55) and (58) once again, the contri-
butions to the deflection angle are (see Appendix II)
αˆS2 =
√
pi
2s+1(s+ 1)
rs0ω
2
f
b
2
ω2
Γ ( s2 + 1)
Γ ( s+12 )
, (69)
αˆS3 = −
√
pi
2s
ω2f
ω2
Γ ( s2 + 1)
Γ ( s2 )
(
r0
b
)s
, (70)
αˆB2 = − pi
2s+2(s+ 1)
J˜rr
2
0ω
2
f
b
s+2
Λω2
Γ ( s2 + 1)
Γ ( s+12 )
, (71)
αˆB3 =
3
√
pi
2s+2(s+ 3)
J˜rr
s
0ω
2
f
bs+2Λω2
Γ ( s+42 )
Γ ( s+12 )
, (72)
where ω2f =
Keρ0
κmp
, r0 = r0/M , J˜r = Jr/M
2, and b =
b/2M .
Fig. 11: Plot of αˆPGC vs. b for Λ = 1 (continuous line),
Λ = 0.25 (dashed line), and Λ = 0.1 (dot-dashed line).
We used, J˜r = 0.25, r0 = 10, sinχ = 1, s = 0.03, and
ω2f/ω
2 = 0.5.
In Figs. 11, 12, and 13 we plot αˆPGC as a func-
tion of b, Λ, and J˜r, respectively. In order to obtain
these plots we considered the case s << 1 [22]. Accord-
ing to Figs. 11 and 12, differences in the deflection an-
gle can be seen clearly for the PGC distribution when
compared with the previous distributions. Furthermore,
Fig. 12: Plot of αˆPGC vs. Λ for J˜r = 0.1 (continuous
line), J˜r = 0.2 (dashed line), and J˜r = 0.3 (dot-dashed
line). We used r0 = 10, sinχ = 1, s = 0.03, b = 100
and ω2f/ω
2 = 0.5. Note the scale used for the deflection
angle: each value is multiplied by 1e− 3 = 1× 10−3
Fig. 13: Plot of αˆPGC vs. J˜r for Λ = 1 (continuous
line), Λ = 0.25 (dashed line), and Λ = 0.1 (dot-dashed
line). We used r0 = 1.2, sinχ = 1, s = 0.03, b = 100
and ω2f/ω
2 = 0.5. Note the scale used for the deflection
angle: each value is multiplied by 1e− 3 = 1× 10−3
Fig. 13 shows that the deflection angle increases due to
the dragging and small values of Λ.
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On the other hand, in Fig. 14, we plotted the be-
havior of the deflection angle for all distributions as a
function of the impact parameter b. Note that the val-
ues of αˆ for the PGC distribution are grater than the
other two distributions. In the figure there is a small dif-
ference between SIS and NSIS distributions for small
values of b/2M .
Finally, in Fig. 15 we plotted αˆ as a function of
ω2c/ω
2 (for SIS and NSIS) and ω2f/ω
2 (for PGC). This
figure clearly show that the deflection angle is more
affected by the plasma for the PGC distribution than
the other two for values of ω2f/ω
2 greater than 0.4.
Fig. 14: Plot of αˆ vs. b for SIS (continuous line), NSIS
(dashed line), and PGC (dot-dashed line). We used
Λ = 0.1, rc = 10, r0 = 10, sinχ = 1, s = 0.03, and
ω2f/ω
2 = ω2c/ω
2 = 0.5. For NSIS we use Λ = 1 since
no difference from SIS was found.
6 Lens equation and magnification in the
presence of plasma
In this section, we compute the magnification for the
boosted Kerr metric in the presence of plasma. We con-
sider the uniform and the SIS plasma distributions dis-
cussed previously in sections 4.2 and 5 respectively.
The magnification of brightness of the star is defined
by the relation[25]
µΣ =
Itot
I∗
=
∑
k
∣∣∣( θkβ )(dθkdβ )∣∣∣ , k = 1, 2, ...,m, (73)
Fig. 15: Plot of αˆ vs. ω2f/ω
2, ω2c/ω
2 for SIS (continuous
line), NSIS (dashed line), and PGC (dot-dashed line).
We used Λ = 0.1, rc = 10, r0 = 10, sinχ = 1, s = 0.03,
and b = 9
wherem is the number of images, Itot is the total bright-
ness of the images, I∗ is the unlensed brightness of the
source, θk is the position of the image, and β is the an-
gular position of the source (see figure 2). In this sense,
in order to compute the contribution of the boosted pa-
rameter Λ to magnification, we have to solve the lens
equation; which is given by the relation[25]
θDs = βDs + αˆDls, (74)
here Ds is the distance from the observer to the source,
Dls is the distance from the lens to the source, αˆ is the
deflection angle, and θ, β the positions of the image and
the source respectively (see figure 2).
6.1 Uniform plasma
In the case of small angles, it is well known that the
impact parameter can be expressed as
b ≈ Dlθ, (75)
where Dl is the distance from the observer to the lens.
Therefore, after using equation (53), the lens equation
for the slowly rotating case in the presence of uniform
plasma takes the form
θ3 − βθ2 − θ
2
E
2
(
1 +
1
1− ω2eω2
)
θ − θ
2
E J˜r
4DlΛ
1√
1− ω2eω2
= 0.
(76)
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In the last expression, in order to be consistent with
the notation, we use b ≈ Dlθ, where Dl = Dl/2M .
Furthermore, we have defined
θ2E =
4MDls
DlDs
=
2Dls
DlDs
, (77)
with Dls = Dls/2M and Ds = Ds/2M . θE is known as
the Einstein angle. Note that equation (76) reduces to
that obtained by [25] for Λ = 1 (v = 0).
In order to solve equation (76) we introduce a new
variable x by the relation (see [25,80] for details.)
θ = x+
β
3
; (78)
form which equation (76) reduces to
x3 + px+ q = 0, (79)
where
p = −β
2
3
− θ
2
E
2
(
1 +
1
1− ω2eω2
)
q = −2β
3
27
− βθ
2
E
6
(
1 +
1
1− ω2eω2
)
− θ
2
E J˜r
4DlΛ
1√
1− ω2eω2
.
(80)
Note that the variable q, in contrast with the result ob-
tained by [25], depends on the boosted parameter Λ.
Equation (79) has three different real roots if
q2
4
+
p3
27
< 0. (81)
Therefore, the solution has the form
x = 2 3
√
r cos φ+2kpi3 , k = 0, 1, 2 (82)
with
r =
√
−p327 , cosφ = − q2r . (83)
Hence, after using equations (73) and (78), we obtain
µΣtot =
∑
k
∣∣∣∣θkβ dθkdβ
∣∣∣∣ = ∑
k
∣∣∣∣xk + β/3β
(
dxk
dβ
+
1
3
)∣∣∣∣
=
∑
k
∣∣∣∣ 13β
(
2 3
√
r cos
φ+ 2kpi
3
+
β
3
)∣∣∣∣
×
∣∣∣∣[ 2rβ3√r2 cos φ+ 2kpi3 − 2 3√rφβ sin φ+ 2kpi3 + 1
]∣∣∣∣
(84)
for k = 0, 1, 2. The subscript β denotes the derivatives
of the corresponding variables with respect to β.
In reference [81] the authors found that the magni-
fication for small values of β has the form (see equation
(32) in [25])
µ =
1
2
√
2θ2E
(
1 + 1
1−ω2e
ω2
)
β
. (85)
Therefore, in order to study the behaviour of the mag-
nification for small values of β, and compare with the
case of uniform plasma studied by Bisnovatyi-Kogan
and Tsupko (2010), it is necessary to express equation
(84) in the limit β → 0. Hence, for small values of β we
have that
3
√
r →
√√√√1
6
θ2E
(
1 +
1
1− ω2eω2
)
,
rβ → 0,
φβ → 1√
1− ( q2r )2
qβ
2r
qβ → −βθ
2
E
6
(
1 +
1
1− ω2eω2
)
cosφ = − q
2r
→
√
27√
2
1
θE
J˜r
DlΛ
1√
1− ω2eω2
1√(
1 + 1
1−ω2e
ω2
)3 .
(86)
Where we have followed the same analysis done in [25].
Note that −q/2r, in our case, depends on Λ. Thus, af-
ter using equations (84), (85), and (86), we found that
µΣtot/µ, in the limit β → 0, takes the form
µΣtot
µ
=
1
3
√
3
∑
k
∣∣∣∣∣∣ sin
2(φ+2kpi)
3√
1− ( q2r )2 + 2 cos
φ+ 2kpi
3
∣∣∣∣∣∣ . (87)
Now, setting J˜r = 0 and Λ = 1, the last expression
reduces to
µΣtot
µ
=
1
3
√
3
∑
k
∣∣∣∣sin (1 + 4k)pi3 + 2 cos (1 + 4k)pi6
∣∣∣∣
=
1
3
√
3
∣∣∣2 cos(pi
6
)
+ sin
(pi
3
)∣∣∣
+
1
3
√
3
∣∣∣∣2 cos(5pi6
)
+ sin
(
5pi
3
)∣∣∣∣
+
1
3
√
3
∣∣∣∣2 cos(9pi6
)
+ sin(3pi)
∣∣∣∣ = 1.
14
(88)
With this result, we have shown that the ratio µΣtot/µ
is equal to unity when J˜r = 0 and Λ = 1; this means
that equation (84) reduces to equation (85) in the limit
β → 0.
In Figs. 16.a and 16.c, we plotted the behaviour of
the total magnification as a function of the boosted
parameter Λ for β = 0.001 and β = 0.0001 respec-
tively. According to Fig. 16.a, when β = 0.001, the total
magnification decreases as Λ increases. This means that
µΣtot decreases as the boosted velocity v of the black
hole decreases. A similar behaviour can be seen from
Fig. 16.c when β = 0.0001. Note that for small values
of β, the magnitude of the total magnification increases.
For example: when β = 0.001 the total magnification
is about µΣtot ≈ 52.2. However, when β = 0.0001, the
value increases to µΣtot ≈ 522.2.
6.2 Singular isothermal sphere
In a similar way, in order to compute the magnification
for SIS, we also use the approximation of small angles
described in equation (75). Hence, after using equation
(60), the lens equation for SIS takes the form
θ3 − βθ2 − 2Dls
DlDs
θ − Dls
D
2
lDs
(
J˜r
2Λ
− ω
2
c
16ω2
)
= 0 (89)
In the last equation, as an approximation, we neglected
the second and the last two terms of equation (60) since
they are very small in the weak field limit. Then, using
equation (77), equation (89) can be expressed in terms
of the Einstein angle as:
θ3 − βθ2 − θ2Eθ −
δθ2E
Λ
= 0, (90)
where we defined:
δ =
1
Dl
(
J˜r
4
− ω
2
cΛ
32ω2
)
. (91)
Now, introducing the new variable y = θ + β/3, the
equation (90) reduces to
y3 +my + n = 0 (92)
with,
m =− β
2
3
− θ2E
n =− 2β
3
27
− βθ
2
E
3
− δθ
2
E
Λ
.
(93)
Equation (90) has three different real roots if
m2
4
+
n3
27
< 0. (94)
This condition is already satisfied in our case. Hence
the solutions has the form
y = 2 3
√
l cos +2kpi3 , k = 0, 1, 2 (95)
with
l =
√
−m327 , cos  = − n2l (96)
Therefore, after using equations (73) and the new vari-
able y, we obtain
µΣ =
∑
k
∣∣∣∣ 13β
(
2
3
√
l cos
+ 2kpi
3
+
β
3
)∣∣∣∣
×
∣∣∣∣[ 2lβ3√l2 cos + 2kpi3 − 2 3√lβ sin + 2kpi3 + 1
]∣∣∣∣
(97)
for k = 0, 1, 2. The subscript β has the same meaning
as in equation (84).
In Figs. 16.b and 16.d, we plotted the behaviour of
µΣtot as a function of the boosted parameter Λ for β =
0.001 and β = 0.0001 respectively. In contrast with the
previous case (uniform plasma), we see that the total
magnification increases as Λ increases. On the other
hand, note that for small values of β, the magnitude
of µΣtot increases: it changes, for example, from 42.6 to
426.3 when β changes from 0.001 to 0.0001 respectively.
7 Conclusion
In this work we have studied the deflection angle for the
boosted Kerr metric in the presence of both homoge-
neous and non-homogeneous plasma, and in the latter
case three different distributions have been considered.
In Subsection 4.1 we investigated the behavior of the
deflection angle for the non-rotating case in the pres-
ence of uniform plasma (ωe = costant) by considering
small values of v. According to Eq. (46) we found that
αˆb does not dependent, at least at first order, on the ve-
locity v. It was also found that, after the approximation
1− n ωeω , the deflection angle in Eq. (45) reduces to
that obtained in [22] (see Eq. (46)). As a consequence,
the optics for the non-rotating boosted Kerr metric is
the same as Schwarzschild. In this sense, the bending
of light, due to the presence of a uniform plasma, is
15
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Fig. 16: (a) Plot of µΣtot vs. Λ when β = 0.001 for uniform plasma. (b) Plot of µΣtot vs. Λ when β = 0.001
for the SIS distribution. (c) Plot of µΣtot vs. Λ when β = 0.0001 for unifomr plasma. (d) Plot of µΣtot vs. Λ
when β = 0.0001 for the SIS distribution. In all the figures we considered Dls = 10, Dl = 100, Ds = 110,
ω2e/ω
2 = ω2c/ω
2 = 0.5, θE = 0.001818, and J˜r = 0.3.
greater than the Schwarzschild case in vacuum for val-
ues of ω2e/ω
2 smaller than unity.
In Subsection 4.2, we studied the rotating case by
considering a uniform distribution. Following the ideas
of [25], we found that the expression for the deflection
angle αˆb in Eq. (53) contains two terms: the Schwarzschild
angle αˆbS , and the contribution due to the dragging of
the inertial frame αˆbD. The result is quite similar to
that of V.S Morozova et al.. However, in contrast with
their result, Eq. (53) also depends on the parameter Λ.
This dependence is shown in Fig. 4. Form this figure
we found that the smaller the values of Λ (constrained
to the interval 0 < Λ ≤ 1) the greater is the deflection
angle. In this sense, not only the dragging and the pres-
ence of a plasma, but also the motion of the black hole
will contribute to the lensing. Therefore, since no effect
was found in the previous case, we may concluded that
αˆb depends on v only when the dragging of the inertial
frame takes place.
In Section 5, we consider the deflection angle in
terms of b, Λ, and J˜r for different distributions. As
shown in our figures, αˆ is affected by the presence of
plasma and is greater when compared with vacuum
and uniform distributions. Furthermore, we found again
that αˆ increases not only due to the dragging, but also
when small values of the boosted parameter Λ are con-
sidered.
In this work, we also found some important con-
straints for two of the models. In the case of NSIS,
for example, the radius of the core rc must have val-
ues greater than 6M . If the core radius is smaller than
this limit the deflection angle becomes negative at some
point and will not agree with the usual behavior when
b → ∞. On the other hand, regarding the PGC, we
found that s must be different from −1 or −3 as can
be seen from Eq. (69). Nevertheless, this condition is
16
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Fig. 17: (a) Plot of µΣtot vs. Λ when β = 0.001 for uniform plasma. (b) Plot of µΣtot vs. Λ when β = 0.001
for the SIS distribution. In all the figures we considered Dls = 10, Dl = 100, Ds = 110, ω
2
e/ω
2 = ω2c/ω
2 = 0.5,
θE = 0.001818, and J˜r = 0.3.
fulfilled since we consider positive values of s << 1.
No important difference between the models was
found when the deflection angle was considered. In the
case of SIS and NSIS, for example, the behavior was
very similar. Therefore, under the weak field approxi-
mation, it is not possible to distinguish these two dis-
tributions. Nevertheless, the deflection angle is affected
considerably when we consider a plasma in a galaxy
cluster. The values of the deflection angle are greater
than those obtained with the other two models. This
behavior is clearly shown in Fig. 14. Furthermore, ac-
cording to Fig. 15, we found that the deflection angle
is affected by the plasma when the PGC distribution
is considered.
Finally, in section 6, as an application, we compute
the total magnification for uniform and SIS plasma dis-
tributions. According to Fig. 16 we conclude that, for
small values of v (0.7 ≤ Λ ≤ 1), the the total magnifi-
cation is grater when the uniform plasma distribution
is considered. For example, in the case of uniform dis-
tribution (considering β = 0.001), we see that µΣtot ≈
52.22. Nevertheless, for the SIS distribution, we found
that µΣtot ≈ 42.64. A similar behaviour occurs when
β = 0.0001. Furthermore, it is important to point out
that the total magnification has small changes in both
distributions: µΣtot ranges from 52.2285 to 52.2305 for
the uniform plasma, and from 42.643938 to 42.643944
in the SIS. The change is very small for the last distri-
bution.
On the other hand, when we compare both models
(uniform and SIS plasma distributions), we see that the
behaviour of the total magnification is different (see fig-
ures 17.a and 17.b). In the case of the uniform plasma
distribution, for example, when the boosted Kerr Black
hole is moving towards (Λ > 0) or away (Λ < 0) from
the observer the behaviour is very similar (there is a
small difference when Λ → −1 and Λ → 1). However,
when we consider the SIS distribution, the behaviour
is not symmetric. This behaviour is due to cinematic
effects. In this sense, when the magnification is consid-
ered, it would be possible to distinguish both models.
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Appendix I: Transformation to cartesian coor-
dinates
The transformation relations for the non rotating case
(a = 0) are (see [73])
t = t
x = r sin θ cosφ
y = r sin θ sinφ
z = r cos θ.
(98)
Therefore, the Jacobian matrix has the form
J =

1 0 0 0
0 cosφ sin θ r cosφ cos θ −r sinφ sin θ
0 sinφ sin θ r sinφ cos θ r cosφ sin θ
0 cos θ −r sin θ 0
 . (99)
We are seeking for expressions of the form
dxµ =
∂xµ
∂xν
dxν . (100)
In the last expression, xµ denotes the Boyer-Lindquist
coordinates (t, r, θ, φ) and xν denotes the Cartesian
coordinates (t, x, y, z). According to Eq. (100), the
Jacobian for the inverse transformation has the form
J−1 =
(
∂xµ
∂xν
)
. (101)
In order to find J , we use the well known relation (see
[82,83].)
J× J−1 = I. (102)
Thus, the inverse transformation is
J−1 =

1 0 0 0
0 cosφ sin θ sinφ sin θ cos θ
0 cosφ cos θr
sinφ cos θ
r − sin θr
0 − sinφr sin θ cosφr sin θ 0

, (103)
and,
dt = dt
dr = cosφ sin θdx+ sinφ sin θdy + cos θdz
dθ =
cosφ cos θ
r
dx+
sinφ cos θ
r
dy − sin θ
r
dz
dφ = − sinφ
r sin θ
dx+
cosφ
r sin θ
dy.
(104)
Then, after substitution in Eq. (38) and taking into ac-
count that dt = dt, the line element reduces to equation
ds2 = ds20 + h11dx
2 + h12dxdy + h13dxdz
+ h22dy
2 + h23dydz +
2M
r︸︷︷︸
h00
dt2
+ dz2
(
2M
r
cos2 θ − 2v cos θ sin2 θ
)
︸ ︷︷ ︸
h33
,
(105)
where
h11 = −2v(cos2 φ cos3 θ + sin2 φ cos θ)
h12 = 4v(2 cosφ sinφ cos θ − cosφ sinφ cos3 θ)
h13 = 4
(
M cosφ cos θ sin θ
r
+ v cosφ cos2 θ sin θ
)
h22 = 2
[
M sin2 φ sin2 θ
r
− v (sin2 φ cos3 θ + 2 cos2 φ cos θ)]
h23 = 4v sinφ cos
2 θ sin θ
(106)
For v = 0, the line element in Eq. (105) reduces to the
Schwarzschild case obtained in [22].
Appendix II: Plasma distributions integrals
Integrals in uniform plasma non-rotating case:
The first integral in equation (46) is∫ ∞
−∞
dz
(b2 + z2)
3
2
= 2
∫ ∞
0
dz
(b2 + z2)
3
2
=
2
b2
(107)
Integrals in SIS:
From Eqs. (55) and (58) and the well known property
of the Γ -function [78]∫ ∞
0
dz
(z2 + b2)
h
2+1
=
1
hbh+1
√
piΓ
(
h
2 +
1
2
)
Γ
(
h
2
) , (108)
the integrals of αˆS2, αˆS3, αˆB2 and αˆB3 are respectively
IS2 =
∫ ∞
0
dz
(b2 + z2)
3
2+1
=
√
pi
3b4
Γ (2)
Γ (3/2)
=
2
3b4
IS3 =
∫ ∞
0
dz
(b2 + z2)2
=
√
pi
2b3
Γ (3/2)
Γ (1)
=
pi
4b3
IB2 =
∫ ∞
0
dz
(b2 + z2)
3
2+1
=
2
3b4
IB3 =
∫ ∞
0
dz
(b2 + z2)
5
2+1
=
√
pi
5b6
Γ (3)
Γ (5/2)
=
8
15b6
(109)
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Integrals in NSIS:
The integrals of αˆS2, αˆS3, αˆB2 and αˆB3, after substitu-
tion of Eq. (58) in (55), are respectively
IS2 =
∫ ∞
0
dz
(z2 + b2 + r2c )(b
2 + z2)
3
2
=
1
b2r2c
−
arctanh
(
rc√
b2+r2c
)
r3c
√
b2 + r2c
IS3 = −
∫ ∞
0
dz
(z2 + b2 + r2c )
2
= −
√
pi
2(b2 + r2c )
3
2
Γ (3/2)
Γ (1)
IB2 = IS2
IB3 =
∫ ∞
0
dz
(z2 + b2 + r2c )(b
2 + z2)
5
2
=
2r2c − 3b2
3r4cb
4
+
arctanh
(
rc√
b2+r2c
)
r5c
√
r2c + b
2
(110)
Integrals in PGC:
The integrals of αˆS2, αˆS3, αˆB2 and αˆB3, after substitu-
tion of Eq. (58) in (55), are respectively
I˜S2 =
∫ ∞
0
dz
(b2 + z2)
s+1
2 +1
=
√
pi
(s+ 1)bs+2
Γ ( s2 + 1)
Γ ( s+12 )
I˜S3 = −
∫ ∞
0
dz
(b2 + z2)
s
2+1
=
√
pi
sbs+1
Γ ( s+12 )
Γ ( s2 )
I˜B2 = I˜S2
I˜B3 =
∫ ∞
0
dz
(b2 + z2)
s+3
2 +1
=
√
pi
(s+ 3)bs+4
Γ ( s+42 )
Γ ( s+32 )
(111)
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